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Abstract

This note contains some additional details, helping with the understanding of proofs in [1].

1 RKHS Norm corresponding to Posterior Kernel

In Appendix II of [1], it is stated that it “is easy to see that the RKHS norm corresponding to kT is given
by”

‖f‖2kT
= ‖f‖2k + σ−2

T∑
i=1

f(xi)
2. (1)

Here, ‖ · ‖k denotes the norm of the RKHS corresponding to the kernel k(·, ·), and ‖ · ‖kT
respectively for

kT . Moreover, the posterior kernel is given by

kT (xa,xb) = k(xa,xb)− k(xa)T (K + σ2I)−1k(xb),

K = [k(xi,xj)]i,j ∈ RT×T , k(xa) = [k(xi,xa)]i ∈ RT .

In fact, we write

kT (xa,xb) = k(xa,xb)− v(xa)Tk(xb), v(xa) = (K + σ2I)−1k(xa).

Since this is maybe not all that “easy to see”, we provide a simple proof here. All we need is the reproducing
property of the respective kernel w.r.t. their RKHS inner product.

We only have to show (1) for finite kernel expansions

f(x) =

n∑
j=1

αjkT (x̃j ,x),

since limits of such form the RKHS HkT
. Also, since the expressions ‖f‖2kT

, ‖f‖2k, f(xi)
2 all admit quadratic

expansions, for example ∥∥∥∑n

j=1
αjkT (x̃j , ·)

∥∥∥2
kT

=

n∑
j,k=1

αjαk〈kT (x̃j , ·), kT (x̃k, ·)〉kT
,

it is enough to show that

〈kT (xa, ·), kT (xb, ·)〉kT
= 〈kT (xa, ·), kT (xb, ·)〉k + σ−2

T∑
i=1

kT (xa,xi)kT (xb,xi). (2)



First, by the reproducing property for HkT
:

〈kT (xa, ·), kT (xb, ·)〉kT
= kT (xa,xb).

Second, using the reproducing property for Hk:

〈kT (xa, ·), kT (xb, ·)〉k = 〈kT (xa, ·), k(xb, ·)− v(xb)
Tk(·)〉k = kT (xa,xb)− v(xb)

T [kT (xa,xi)]i.

Also,

[kT (xa,xi)]i = k(xa)−Kv(xa) = k(xa)− (K + σ2I − σ2I)(K + σ2I)−1k(xa) = σ2v(xa). (3)

Therefore:
〈kT (xa, ·), kT (xb, ·)〉kT

− 〈kT (xa, ·), kT (xb, ·)〉k = σ2v(xa)Tv(xb). (4)

Finally, using (3), we have
T∑

i=1

kT (xa,xi)kT (xb,xi) = σ4v(xa)Tv(xb).

Together with (4), this establishes (2).
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